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Abstract-The Kupershmidt five-field lattice is considered in this paper. By a dependent variable 
transformation, the Kupershmidt lattice is transformed into a bilinear form by the introduction 
of three auxiliary variables. We present a Biicklund transformation and a nonlinear superposition 
formula for the Kupershmidt lattice. As an application of the results, soliton solutions are derived. 
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1. INTRODUCTION 
In 1985, Kupershmidt proposed the following integrable lattice [l]: 
OlilN, (1) 
(2) 
Obviously, when N = 1, system (l),(2) is nothing but the Toda lattice. When n = 2, we have 
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from (l),(2) 
qo,t(n) = cl1(n) - Ql(n - I), 
t&t(n) = q1(n)(qo(n + 1) - qo(n)) + Qa(n) - Qz(n - I), 
qz,t(n) = 42(n)(qo(n + 2) - qo(n)), 
which is associated with the three-field Blaszak-Marciniak lattice [2] 
at(n) = c(n f 1) - c(n - l), 
bt(n) = a(n - l)c(n - 1) - a(n)c(n), 
et(n) = c(n)@(n) - b(n + I)), 
by the Miura-like transformation 
q1(n) = a(n - l)c(n - l), qz(n) = c(n)c(n - 1). 
In the case of N = 3, equations (1) and (2) become 
qo,t(4 = Q(n) - Ql(n - I), 
q1,t(n) = c710)(o0(~ f 1) - qo(n)) + q2(n) - Qz(n - I), 
q2,t(n) = qz(n)(qo(n + 2) - qo(n)) + !?3(n) - 43(n - I), 
c73,t(n) = 43(n)(qo(n f 3) - qo(n)), 
which is related to the four-field Blaszak-Marciniak lattice [2] 
ut(n> = u(n)(v(n) - ?J(n - I)), 
vt(n) = w(n)u(Tl. + 1) - u(n)w(n - l), 
w,(n) = q(n)u(n + 2) - u(n)q(n - i), 
Q(n) = u(n + 3) - u(n), 
by the Miuralike transformation 
(3) 
(4) 
(5) 
(6) 
41(n) = u(n + l)w(n), 42(n) = u(n + 2)u(n + l>q(n), 
@(7x) = u(n + 3)u(n + 2)u(n + 1). 
In [3,4], we have applied Hirota’s bilinear formalism to the three-field and four-field BM lattices (4) 
and (6). As a result, soliton solutions and Biicklund transformations for (4) and (6) are obtained. 
The purpose of this paper is to apply Hirota’s bilinear approach to the Kupershmidt lattice (1) 
and (2) with n = 4. In this case, equations (1) and (2) become 
qo,t(n> = Ql(n) - Qlb - I), 
q1,t(n) = ql(n)(Qo(~ + 1) - qo(n)) +42(n) - Qz(n - I), 
42$(n) = !?2(n)(qo(n + 2) - !?o(n)) +43(n) - 43(n - I), 
qs,t(n) = 43(n)(qo(n + 3) - qo(n)) + 44(n) - q4(n - I), 
c?4,t(n) = 44(n)(c?o(n + 4) - qo(n)). 
Similar to the casea N = 2 and N = 3, we have the Miuralike transformation 
(7) 
Qob) = v(n), m(n) = u(n + l)w(n), qa(n) = 4n + 2)u(n + l)p(n), 
qs(n) = U(n. + 3)u(n + 2)21(n + l)q(n), C&(72) = U(72 + 4)u(n + 3)u(n + 2)u(n + l), 
(8) 
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which associates (7) with the lattice 
w(n) = u(n>(v(n) - v(n - l)), 
vt(n) = w(n)u(n + 1) - u(n)w(n - l), 
W(n) = u(n + 2)p(n) - u(n)p(n - I), 
Pt(n) = ?J(n + 3Mn) - u(n)C?(n - I), 
qt(n) = u(n + 4) - u(n). 
(9) 
(19) 
(11) 
(12) 
(13) 
This means that if (u(n),v(n), w(n),p(n), q( n )) is a solution of (9)-(13), then (qo(n),ql(n), 42(n), 
qa(n), ad(n)) given by (8) satisfies the Kupershmidt fivefield lattice (7). In the rest of this paper, 
we will focus on the lattice (9)-(13). 
The paper is organized as follow. In Section 2, we will first give a bilinear form for the 
lattice (9)-(13). Then a Biicklund transformation and a nonlinear superposition formula in 
bilinear form will be established in Section 3. As an application of these results, soliton solutions 
to the Kupershmidt five- field lattice are obtained. Finally, the conclusion and discussion will be 
given in Section 4. 
2. BILINEAR FORM 
In this section, we want to derive a bilinear form for the lattice (9)-(13). For this purpose, let 
us make 
u(n) = f(n + l)f(n - 1) 
f2(n) ’ 
v(n) = (ln”;(~~)),. (14) 
Our choice of the above transformation comes from an observation that (9) can be transformed 
into the form 
(ln21(n))t = v(n) - v(n - 1). 
Substituting (14) into (10) allows us to take 
w(n) = 1 D,“f (n + 1) * f (n + 1) 
2 f(n+Z)f(n) ’ 
where the Hirota bilinear operators D,“D: and the bilinear difference operator 
defined by [5-91 
exp(SD,) are 
and 
exp (c5D,) a(n) . b(n) z exp 
respectively. Next, we introduce an auxiliary independent variable z such that 
(D,D~ - 2eD” + 2) f (72) . f(n) = 0. (15) 
Our motivation for introducing the auxiliary variable z is to simplify the procedure to solve for 
q(n) in terms of f(n) by not involving any explicit integral. In fact, from (13) and (15), we know 
that 
qt(n) = f(n+S)f(n+3) _ f(n+l)f(n--1) = EInf(n+4) 
f2(n + 4) f 2(n) at& f(n) ’ 
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which implies that we can choose 
f3 f(n+4) 
q(n) = z ln f(n) . (16) 
Next, we need to solve for p(n) in terms of f(n). Note that (11) can be rewritten as 
u(n + l)zut(n) = u(n + 2)u(n + l)p(n) - u(n + l)u(n)p(n - 1). (17) 
From here it is clear that in order to solve for p(n) in terms of f(n), we need to decouple the 
left-hand side of (17) into the form of A(n) - A(n - 1). Hence, we obtain 
4n)w(n> = 2f(n + l)f;n _l)p(n)Dt pm * f(n)> *(eD-f(4 *f(n)> 
= f(n + l)f(L - l)f2(n) 
x 8 1 [( TDt 30,” + ~D:D, + DfeDn - 2D,eDn) f(n) - fen)] * f2(n) (18) 
+isinh fDn 
( >[( 
DtD,e(1/2)D*b - Dfe(1i2)Dn) f(n) - f(n)] 
. (e(1/2)D.‘f(n) * f(n)) } , 
where we have used the calculation in [4] and introduced another auxiliary variable y such that 
Dfe(1/2)Dnf(n) . f(n) = D,e(1/2)D”f(n) . f(n). (19) 
Furthermore, we assume that 
( 
3D2 + ID30 + D2eDn - 20 t 2tx t t/ eDvL 
> 
f(n) * f(n) = 0. (20) 
Then from (17), (18), and (20), we have 
1 (DtD,e(1/2)Dn - Dfe(1/2)Dvb) f(n) . f(n) 
f(n+3/2)f(n-3/2) a 
(21) 
Finally, substituting (21) into (12) yields 
:Dt [( 
DtD,e(1/2)D” - D~e(‘/2)D*z) f(n) . f(n)] . [e(3/2)D*bf(n) . f(n)] 
(22) 
= sinh 
( > 
i D, ( DZe2DvL f(n) . f(4) - (eDV(4 * 194) , 
which, by introducing yet another auxiliary variable 5 and using (Al)-(A3), can be decoupled 
into the bilinear form 
( 2D,eDi’ - DgDt) f(n) - f(n) = 0, 
Dge(3/2)D*bf(n). f(n) = i (DtD,e(l/2)“n _ Dfe(‘/2)D” _ 2@e(3/2)D*.) f(n) . f(n). 
In summary, we have obtained the following bilinear form for the lattice (9)-(13): 
( 2D,eD1* - DcDt) f(n) . f(n) = 0, (23) 
DCe(s/sP*f(n) . f(n) = i (DtD,e(‘/2Pm - @e(‘/2)D*k 
- 2Dze(3/2)Dv’ f(n) . f(n), 
> 
(24) 
3D2 + LDfD 
t 2 
z + DieDn - 2D,eD7& 
> 
f(n) * f(n) = 0, (25) 
Dfe(1/2)Dnf(n) . f(n) = D,e(1/2)Dnf(n) . f(n), (26) 
(D,D, - 2eDn + 2) f(n). f(n) = 0. (27) 
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3. A BJkCKLUND TRANSFORMATION AND SUPERPOSITION 
FORMULA FOR THE KUPERSHMIDT LATTICE 
In this section, we will first derive a B~icklund transformation for equations (23)-(27). We start 
with Proposition 1. 
PROPOSITION 1. The bilinear system (23)-(27) has the following Biicklund transformation: 
(Dz + A- le  -D" + #) f (n ) .  g(n) = 0, (28) 
(D,e -O/2)D" - Ae O/2>D" + "~e -(I/2)D'*) f (n)  . g(n) = O, (29) 
(D ,e  -O<2)D" - AD, e O/2)D" - ATe 0<2)0" + we -cl<2)D') f (n)  . g(n) = 0, (30) 
, -o , ,  ) Dze -D" + -~e - D~ + k f (n ) .  g(n) = 0, (31) 
(A-1D3te -(1/2)D- + + + D2t e(I/2)D, 27D~e(1/2)D,, 472e(1/2)Dn 
(32) 
+3A-17D2e-(1/2)D" - 2Dye (1/2)D" - 2we (1/2)D~ + ve -(l12)D") f (n)  . g(n) = O, 
( 1 o 2D3e -D" + 2DtD~e -D" + 67D~e -D" + -~Ave- " + 2wDte -D,, 
+27Dye -D" + 4A2D, e D" + 672Dte -D" + 2wTe -D'~ (33) 
+373e - D" - 8 A -1D z e - 2 D " - 8-8-~; e - 2 D" -k O e D~ ) f ( n ) . g ( n ) = 0 , 
where A, #, 7, k, v, w, and 0 are arbitrary constants. 
In the following, we shall simply denote, without confusion, f (n ,  t, y, z, ~) = f (n)  or f .  Our 
next result is given by Proposition 2. 
PROPOSITION 2. Let fo be a solution of equations (23)-(27). Suppose that fi (i = 1, 2) are 
solutions of (23)-(27), which are related to fo under the BT  equations (28)-(33) with parameters 
(Ai,#i,Ti, k~,vi,wi, O0, i.e., fo (~,,~,,,-y,,k,,v,,w,,e,) f~ (i = 1,2), .~1/~2 ~ 0, f j  ~= 0 (j = 0, 1,2). Then 
f12 defined by 
exp( -1Dn)  fo ' f~2=C[A lexp( -1Dn)  -A2exp(1Dn) ] f~"  f2 (34) 
is a new solution related to f l  and f2 under the BT (28)-(33) with parameters (A2, #2, 72, k2, v2, 
w2 , 02), ( A t, #1, 71, k t , Vl , wl , 01) , respectively. Here c is a nonzero constant. 
Similar to those in [4], Propositions 1 and 2 can be proved by using (A4)-(A6) and some other 
bilinear operator identities given in [4]. We omit the details of the proofs. Instead, by using BT 
and superposition principle, we derive soliton solutions. For example, using (28)-(33), we can 
easily obtain the following solution from the trivial solution f (n)  = 1: 
g(n) = 1 + exp (~), 
where ~ = pn+qt+rz+sy+d~+r l  °, # = -A -1, 7 = A, k = A -2, v = -2A 2, w = A 2, 
= - - (4 /k  3 q- 8 /k -2 ) ,  and q = A(1 - e-P), r = )~- l (ep  - 1), s = A2(1 - e -2p) ,  d = / \ -2 (e2p  - 1), 
A = [eP(1 + e p + e 2p + e3p)] 1/5. Furthermore, by using the superposition formula (34), we can 
construct multisoliton solutions of the Kupershmidt lattice. Choose, for example, f0 = 1, c = 
1/(A1 - A2). It can be easily verified that 
(A2,p2,72, k2, 1 + e r~ kl,vl,wi,O1) 
(35) 
992 
where 
with 
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Xie-P1 - X2 
%=I+ x1-x2 
etll + Xi - X2eqa Ale-p1 -X2e-h 
h--X2 
e90 + 
h--X2 
e"l+fr4 7 
qi = pin + qit + riZ + sip + diJ + $, pi = -Xy’y “li = Ai9 
ki = XT29 vi = -2x:, “i = x2 I, 0+, = - (4X: + 8Xi2), 
Qi = Xi (1 - eVPi) , Ti = XL1 (epi - 1) , si = X: (1 - ee2Pi) , 
di = Xr2 (e2Pi - I), ,Iji = [ePi (1 + ePi + e2Pi + e3Pi)] l/5* 
Obviously, Fi2 given by (35) is a twosoliton solution, In general, along this line, we can obtain 
multisoliton solutions. 
4. CONCLUSION AND DISCUSSION 
The Kupershmidt five-field lattice has been considered in this paper. By a dependent variable 
transformation, the Kupershmidt lattice is transformed into a bilinear form by the introduction 
of three auxiliary variables. We present a Bkklund transformation and a nonlinear superposition 
formula for the Kupershmidt lattice with N = 4. As an application of the results, soliton solutions 
are derived. It remains as an open problem how to apply Hirota’s bilinear method to (1) and (2) 
for N > 4, although in [l] Kupershmidt has established the Hamiltonian structure for (1) and (2) 
and shown that system (l),(2) is integrable in the sense of the possession of a Lax pair. 
APPENDIX 
HIROTA BILINEAR OPERATOR IDENTITIES 
The following bilinear operator identities hold for arbitrary functions a and b. 
(D,e2Dna. a) . (eDma - a) 
( D,eDm a . a) . a2 + D, cash (eDna. a) . a2, 
(DtD,a . a). a2 = Dt 
( 
Dfe(3/2)Dna. a 
> ( 
. e(3/2)Dna. a 
> 
, 
= Dt ( DCe(s12)Dno . a) . (e(3/2)Dna . a) , 
( 
@e(3/2)Dna . _ z a )( 
e(3/2)Dq,. b 
) ( 
e(3/wna . a 
)( 
@e(3/Q)Dnb. b 
) 
[(D,eeDna - b) . ab + (esDna - b) - (D,a - b)] 
[(D,eDna - b) . (e-2Dna. b) + (eDna - b) - (D,e-2D*1u - b)] , 
[(D,eDna. b) . (e-20na. b) - (eDma - b) - (D,e-2Dna. b)] . 
(Al) 
(~42) 
(A3) 
(A4) 
(A5) 
(A6) 
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